Approximation properties for generalized q-Bernstein polynomials  by Nowak, Grzegorz
J. Math. Anal. Appl. 350 (2009) 50–55Contents lists available at ScienceDirect
Journal of Mathematical Analysis and Applications
www.elsevier.com/locate/jmaa
Approximation properties for generalized q-Bernstein polynomials
Grzegorz Nowak
University of Marketing and Management, Ostroroga 9a, 64-100 Leszno, Poland
a r t i c l e i n f o a b s t r a c t
Article history:
Received 20 March 2008
Available online 9 September 2008
Submitted by M. Laczkovich
Keywords:
q-Bernstein polynomials
Stancu polynomials
q-integers
q-differences
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1. Introduction
Let q > 0. For any n ∈ N0 = {0,1,2, . . .} the q-integer [n] and the q-factorial [n]! care respectively deﬁned by
[n] = 1+ q + · · · + qn−1 (n = 1,2, . . .), [0] = 0
and
[n]! = [1][2] · · · [n] (n = 1,2, . . .), [0]! = 1.
For the integers n,k (n k 0), the q-binomial or the Gaussian coeﬃcients are deﬁned by (see [7, p. 12])
[
n
k
]
= [n]![k]![n − k]! .
For f ∈ C[0;1], q > 0, α  0 and each positive integer n we introduce the following generalized q-Bernstein operators:
Bq,αn ( f ; x) =
n∑
k=0
pq,αn,k (x) f
( [k]
[n]
)
, (1)
where
pq,αn,k (x) =
[
n
k
] ∏k−1
i=0 (x+ α[i])
∏n−1−k
s=0 (1− qsx+ α[s])∏n−1
i=0 (1+ α[i])
. (2)
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polynomials, introduced by Phillips [9] in 1997
Bn,q( f ; x) =
n∑
k=0
[
n
k
]
xk
n−k−1∏
i=0
(
1− qix) f
( [k]
[n]
)
. (3)
In the case, where q = 1, Bq,αn ( f ; x) reduces to Bernstein–Stancu polynomials, introduced by Stancu [18] in 1968
Sn( f ; x) =
n∑
k=0
(
n
k
) ∏k−1
i=0 (x+ αi)
∏n−k−1
s=0 (1− x+ sα)∏n−1
i=0 (1+ iα)
f
(
k
n
)
. (4)
When q = 1 and α = 0 we obtain the classical Bernstein polynomial deﬁned by
Bn( f ; x) =
n∑
k=0
(
n
k
)
xk(1− x)n−k f
(
k
n
)
.
Basic facts on Bernstein polynomials, their generalizations and applications, can be found e.g. in [8,16,17]. In recent years, the
q-Bernstein polynomials have attracted much interest, and a great number of interesting results related to the Bn,q( f ) poly-
nomials have been obtained (see [5,6,9–15,19–22]). Some approximation properties of the Stancu operators are presented
in [2–4,18].
Let Δ0q f j = f j , for j = 0,1, . . . ,n, and recursively,
Δk+1q f j = Δkq f j+1 − qkΔkq f j, (5)
for k = 0,1, . . . ,n − j − 1 and f j = f ([ j]/[n]). It is easily established by induction that q-differences satisfy the relation
Δkq f j =
k∑
i=0
(−1)kqi(i−1)/2
[
k
i
]
f j+k−i . (6)
In this paper, we prove that the operators Bq,αn ( f ; x) deﬁned by (1) can be expressed in terms of q-differences
Bq,αn f (x) =
n∑
k=0
[
n
k
]
Δkq f0
k−1∏
i=0
x+ α[i]
1+ α[i]
which generalizes the well-known result [9] for the q-Bernstein polynomial. What is more, we present some properties for
these operators.
2. Main result
Lemma 2.1. For any integer n,q 0, α  0 we have
n−1∏
s=0
(
1− qsx+ α[s])=
n∑
s=0
(−1)sqs(s−1)/2
[
n
s
] s−1∏
i=0
(
x+ α[i])
n−1∏
j=s
(
1+ α[ j]). (7)
Proof. We use induction on n. First, we see that (7) is evident for n = 1. Let us assume that (7) holds for a given n ∈ N .
Then, using (7), we obtain
n∏
s=0
(
1− qsx+ α[s])= (1− qnx+ α[n])
n∑
s=0
(−1)sqs(s−1)/2
[
n
s
] s−1∏
i=0
(
x+ α[i])
n−1∏
j=s
(
1+ α[ j])
=
n∑
s=0
(
1+ α[n] + qnα[s])(−1)sqs(s−1)/2
[
n
s
] s−1∏
i=0
(
x+ α[i])
n−1∏
j=s
(
1+ α[ j])
− qn
n∑
s=0
(−1)sqs(s−1)/2
[
n
s
] s∏
i=0
(
x+ α[i])
n−1∏
j=s
(
1+ α[ j])
=
n∑
s=0
(
1+ α[n] + qnα[s])(−1)sqs(s−1)/2
[
n
s
] s−1∏
i=0
(
x+ α[i])
n−1∏
j=s
(
1+ α[ j])
+ qn
n+1∑
(−1)sq(s−1)(s−2)/2
[
n
s − 1
](
1+ α[s − 1])
s−1∏(
x+ α[i])
n−1∏(
1+ α[ j])s=1 i=0 j=s
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n−1∏
j=0
(
1+ α[ j])+ (−1)n+1qn(n+1)/2(1+ α[n])
n∏
i=0
(
x+ α[i])
+
n∑
s=1
Rs(−1)s
s−1∏
i=0
(
x+ α[i])
n−1∏
j=s
(
1+ α[ j]),
where
Rs =
(
1+ α[n] + qnα[s])qs(s−1)/2
[
n
s
]
+ qn+(s−1)(s−2)/2
[
n
s − 1
](
1+ α[s − 1]).
Thanks to obvious equalities[
n
s − 1
]
[s − 1] +
[
n
s
]
[s]qs−1 =
[
n
s − 1
]
[n]
and [
n
s
]
+
[
n
s − 1
]
qn−s+1 =
[
n + 1
s
]
we have
Rs =
(
1+ α[n])qs(s−1)/2
[
n
s
]
+ qn+(s−1)(s−2)/2
{[
n
s − 1
]
+ α
([
n
s − 1
]
[s − 1] +
[
n
s
]
[s]qs−1
)}
= (1+ α[n])qs(s−1)/2
[
n
s
]
+ qn+(s−1)(s−2)/2
[
n
s − 1
](
1+ α[n])
= (1+ α[n])qs(s−1)/2
([
n
s
]
+ qn−s+1
[
n
s − 1
])
= (1+ α[n])qs(s−1)/2
[
n + 1
s
]
.
Collecting the results we obtain the lemma. 
Remark 2.2. The identity (7) reduces to the Euler identity when we put α = 0
n−1∏
s=0
(
1− qsx)=
n∑
s=0
(−1)sqs(s−1)/2
[
n
s
]
xs
and to the binomial expansion
(1+ x)n =
n∑
s=0
(
n
s
)
xs
when we set α = 0, q = 1, and replace x by −x.
Theorem 2.3. Let 0< q < 1, α  0. The generalized q-Bernstein polynomial may be expressed in the form
Bq,αn f (x) =
n∑
k=0
[
n
k
]
Δkq f0
k−1∏
i=0
x+ α[i]
1+ α[i] , (8)
for all n ∈ N and (x ∈ [0;1]), where Δkq f0 is deﬁned by (5).
Proof. Using (1), (2) and (7) we have
Bq,αn f (x)
n−1∏
i=0
(
1+ α[i])=
n∑
k=0
[
n
k
]
fk Sk, (9)
where
Sk =
n−k∑
(−1)sqs(s−1)/2
[
n − k
s
] k−1∏(
x+ α[i])
s−1∏(
x+ α[ j])
n−k−1∏ (
1+ α[l]).s=0 i=0 j=0 l=s
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Sk =
n−k∑
s=0
(−1)sqs(s−1)/2
[
n − k
s
] k+s−1∏
i=0
(
1+ α[i])
n−1∏
j=k+s
(
x+ α[ j]) (10)
for all n ∈ N and (x ∈ [0;1]).
We use the induction on k. First, we see that equality (10) holds for k = 0 and n ∈ N . Let us assume that (10) holds for a
given k, 0 k n, and for all n ∈ N . Then from (10), we obtain
Sk+1 =
n−k−1∑
s=0
(−1)sqs(s−1)/2
[
n − k − 1
s
] k∏
i=0
(
x+ α[i])
s−1∏
j=0
(
x+ α[ j])
n−k−2∏
l=s
(
1+ α[l])
= (x+ α[k])
n−k−1∑
s=0
(−1)sqs(s−1)/2
[
n − k − 1
s
] k+s−1∏
i=0
(
x+ α[i])
n−2∏
j=k+s
(
1+ α[ j])
=
n−k−1∑
s=0
(−1)sqs(s−1)/2
[
n − k − 1
s
] k+s∏
i=0
(
x+ α[i])
n−2∏
j=k+s
(
1+ α[ j])
+ α
n−k−1∑
s=0
(−1)sqs(s−1)/2
[
n − k − 1
s
]([k] − [k + s])
k+s−1∏
i=0
(
x+ α[i])
n−2∏
j=k+s
(
1+ α[ j]).
We see that[
n − k − 1
s
]([k] − [k + s])= −
[
n − k − 1
s
]
[n − k − s]qs,
and hence
Sk+1 =
n−k−1∑
s=0
(−1)sqs(s−1)/2
[
n − k − 1
s
] k+s∏
i=0
(
x+ α[i])
n−2∏
j=k+s
(
1+ α[ j])
− α
n−k−1∑
s=1
(−1)sqs(s−1)/2
[
n − k − 1
s
]
[n − k − s]qk
k+s−1∏
i=0
(
x+ α[i])
n−2∏
j=k+s
(
1+ α[ j])
= (−1)n−k−1q(n−k−1)(n−k−2)/2
n−1∏
i=0
(
x+ α[i])
+
n−k−2∑
s=0
(−1)sqs(s−1)/2
[
n − k − 1
s
](
1+ α[k + s] + αqk+s[n − k − s − 1])
k+s∏
i=0
(
x+ α[i])
n−2∏
j=k+s+1
(
1+ α[ j]).
It is easy to verify that
1+ α[k + s] + αqk+s[n − k − s − 1] = 1+ α[n − 1]
and thus
Sk+1 = (−1)n−k−1q(n−k−1)(n−k−2)/2
n−1∏
i=0
(
x+ α[i])+
n−k−2∑
s=0
(−1)sqs(s−1)/2
[
n − k − 1
s
] k+s∏
i=0
(
x+ α[i])
n−1∏
j=k+s+1
(
1+ α[ j])
=
n−k−1∑
s=0
(−1)sqs(s−1)/2
[
n − k − 1
s
] k+s∏
i=0
(
x+ α[i])
n−1∏
j=k+s+1
(
1+ α[ j]).
Therefore (10) is evident. Consequently, in view of (9) and (10) we get
Bq,αn f (x)
n−1∏
i=0
(
1+ α[i])=
n∑
k=0
[
n
k
]
fk
n∑
s=k
(−1)s−kq(s−k)(s−k−1)/2
[
n − k
s − k
] s−1∏
j=0
(
x+ α[ j])
n−1∏
i=s
(
1+ α[i]).
Next, in view of the equality[
n
k
][
n − k
s − k
]
=
[
n
s
][
s
k
]
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Bq,αn f (x)
n−1∏
i=0
(
1+ α[i])=
n∑
k=0
fk
n∑
s=k
[
n
s
][
s
k
]
(−1)s−kq(s−k)(s−k−1)/2
s−1∏
j=0
(
x+ α[ j])
n−1∏
i=s
(
1+ α[i])
=
n∑
s=0
[
n
s
] s−1∏
j=0
(
x+ α[ j])
n−1∏
i=s
(
1+ α[i])
s∑
k=0
(−1)s−kq(s−k)(s−k−1)/2
[
s
k
]
fk.
The condition (7) completes the proof. 
Remark 2.4. It will be noted that, for α = 0, this is the result obtained by Phillips [9] for q-Bernstein polynomial deﬁned
by (2).
Theorem 2.5. Let 0< q < 1, α  0. Then
Bq,αn (1; x) = 1, Bq,αn (t; x) = x, (11)
and
Bq,αn
(
t2; x)= 1
1+ α
(
x(x+ α) + x(1− x)[n]
)
,
for all n ∈ N and x ∈ [0;1].
Proof. We have to estimate Bq,αn (ts; x), s = 0,1,2. The result can be easily veriﬁed for s = 0 from the last theorem. Using
the deﬁnition (1) on Bq,αn ( f ; x), (5) on q-differences and Theorem 2.3 for s = 1 one has
Δ0q f0 = f0 = 0, Δ1q f0 = f1 − f0 = 1/[n] and Bq,αn (t; x) = x.
For s = 2, we have
Δ0q f0 = f0 = 0, Δ1q f0 = f1 − f0 = 1/[n]2,
Δ2q f0 = f2 − (1+ q) f1 + qf0 =
( [2]
[n]
)2
− (1+ q)
(
1
[n]
)2
.
Consequently
Bq,αn
(
t2; x)= 1
1+ α
(
x(x+ α) + x(1− x)[n]
)
. 
Theorem 2.6. Let (qn) and (αn) denote a sequence such that 0 < qn  1, αn  0. Then, for any f ∈ C[0;1], operator Bq,αn ( f ; x)
converges uniformly to f (x) on [0;1], if and only if limn→∞ qn = 1 and limn→∞ αn = 0, where Bq,αn ( f ; x) is deﬁned by (1) with
q = qn and α = αn.
Proof. If qn → 1 ([n] → ∞) and αn → 0 then Bq,αn (t2; x) → x2 for x ∈ [0;1]. Therefore by the Bohman and Korovkin Theo-
rem [1] Bq,αn ( f ; x) converges uniformly to f on [0;1].
On the other hand, if we assume that for any f ∈ C[0;1], Bqn,αnn ( f ; x) → f (x) uniformly for x ∈ [0;1], then
Bqn,αnn (t
2; x) → x2.
Hence
1
1+ α
(
x(x+ α) + x(1− x)[n]
)
→ x2.
Consequently
1
1+ α
(
1− 1[n]
)
x2 + 1
1+ α
(
α + 1[n]
)
x → x2.
Therefore
1
1+ α
(
1− 1[n]
)
→ 1 and 1
1+ α
(
α + 1[n]
)
→ 0.
Because αn  0 and [n] 0 so αn → 0 and [n] → ∞ (qn → 1).
This completes the proof of Theorem 2.6. 
G. Nowak / J. Math. Anal. Appl. 350 (2009) 50–55 55Theorem 2.7. Let f ∈ C[0;1]. Then Bq,αn ( f ; x) = f (x) for all x ∈ [0;1] if and only if f (x) = ax+ b, where a and b are constants.
Proof. If f (x) = ax+ b, then by Theorem 2.5 Bq,αn ( f ; x) = ax+ b = f (x) for all n ∈ N .
Now we suppose that Bq,αn ( f ; x) = f (x) for every x ∈ [0;1].
Let us consider the function
g(x) = f (x) − ( f (1) − f (0))x.
We have g(0) = g(1) and Bq,αn (g; x) = g(x).
Let M = supx∈[0;1] g(x) = g(x0). Using (11) and positivity of pq,αn,k , we have
M = g(x0) = Bq,αn (g; x0) =
n∑
k=0
pq,αn,k (x0)g
([k]/[n])
= pq,αn,0 (x0)g(0) +
n∑
k=0
pq,αn,k (x0)g
([k]/[n])
 pq,αn,0 (x0)g(0) + M
n∑
k=0
pq,αn,k (x0)
= pq,αn,0 (x0)
(
g(0) − M)+ M.
Consequently g(0) M = supx∈[0;1] g(x). Therefore g(0) = M .
Similarly we prove that
g(0) =m = min
x∈[0;1] g(x).
Consequently M = g(0) =m. Thus g(x) ≡ b for some b ∈ R and ﬁnally f (x) = ax+ b. 
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